Magnetic hyperfine structure of the ground-state doublet in highly charged ions 229 The magnetic hyperfine (MHF) structure of the 5/2 + (0.0 eV) ground state and the low-lying 3/2 + (7.8 eV) isomeric state of the 229 Th nucleus in highly charged ions Th 89+ and Th 87+ is calculated. The distribution of the nuclear magnetization (the Bohr-Weisskopf effect) is accounted for in the framework of the collective nuclear model with the wave functions of the Nilsson model for the unpaired neutron. The deviations of the MHF structure for the ground and isomeric states from their values in the model of point-like nuclear magnetic dipole are calculated. The influence of the mixing of the states with the same quantum number F on the energy of sublevels is studied. Taking into account the mixing of states, the probabilities of the transitions between the components of MHF structure are found.
I. INTRODUCTION
The low lying 3/2 + (7.8 ± 0.5 eV) state [1, 2] of the 229 Th nucleus has been the subject of intense experimental [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and theoretical research [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] in the past decades. The interest is caused by new possibilities which are emerging in the study of such unusual nuclear level. The works on this problem are multidisciplinary, including fields of science as diverse as nuclear physics, solid state physics, atomic physics, optics and laser physics. Three excellent experiments, Refs. [1, 4, 16] , which gave us the knowledge on the existence of the low-lying isomeric state and provided with estimations of its energy, demonstrate the variety of experimental methods needed for the characterization of this state. The experimental technique gradually evolves from traditional methods of nuclear spectroscopy [1, 3, 4] to those used in low energy physics: solid state physics, optics, etc. [13] [14] [15] [16] .
In a number of theoretical publications authors have drawn attention to exciting possibilities related with the existence of the 3/2 + (7.8 ± 0.5 eV) state and its decay channels. Here one can mention a refinement of some fundamental laws and symmetries of Nature, for example, the CP-violation, the variation of the fine structure constant [28, 29, [35] [36] [37] , the local Lorentz invariance and the Einstein equivalence principle [38] . Unusual for traditional nuclear physics decay channels of the isomeric state -the electron bridge [17, 39] and nuclear light [25] [26] [27] -probably imply that the 3/2 + (7.8 ± 0.5 eV) state can be occupied by laser emission through nuclear photo-excitation process [20, 27] or inverse electron bridge [20, 40, 41] . An interesting consequence of such excitations is the detection of the α−decay of the isomeric state [21] with the possibility of checking the ex- * Electronic address: tkalya@srd.sinp.msu.ru ponentiality of the decay law of an isolated metastable state at long times [24] . Finally, we should mention two important technological applications -the nuclear clock [12, [42] [43] [44] , and the gamma-ray laser of the optical range [31, 45] , both of which can lead to a breakthrough in their fields.
In the present study we have carried out calculations and give numerical estimations for the position of the sublevels of the 5/2 + (0.0) and 3/2 + (7. ion has one electron which occupies the 1s 1/2 electron shell, while the Th 87+ ion has three electrons on the 1s 1/2 and 2s 1/2 electron shells, i.e. the (1s 1/2 ) 2 (2s 1/2 ) 1 electron configuration. We have taken into account the Bohr-Weisskopf effect and the mixing of the states, and calculated the probabilities of the transitions between the sublevels. Our calculations can be instrumental in experimental studies of the magnetic hyperfine (MHF) interaction in highly ionized atoms investigated in a storage ring of accelerator complex [46] [47] [48] [49] .
II. MAGNETIC HYPERFINE INTERACTION
A preliminary (and as a rule, overestimated) estimation of the MHF interaction can be obtained by using the Fermi contact interaction [50] .
The electron in the 1s 1/2 state of the 229 Th 89+ ion or electron in the 2s 1/2 state of the 229 Th 87+ ion result in a strong magnetic field at the center of the 229 Th nucleus [19, 22] . The value of this field is given by the formula for the Fermi contact interaction (see in [50] )
where µ B = e/2m is the Bohr magneton, e is the electron charge, m is the electron mass, σ are the Pauli matrixes, and ψ e (0) is the amplitude of the electron wave function at the origin. The interaction of the point magnetic moment of the ground state (µ gr = 0.45) or the isomeric state (µ is = −0.076) of the 229 Th nucleus with the magnetic field (1) leads to a splitting of the nuclear levels. The energy of the sublevels is determined by the formula
with the interaction energy
Here µ N = e/2M p is the nuclear magneton (M p is the proton mass), I stands for the nuclear spin, s is the electron spin. The quantum number F takes two values F = I ± 1/2 for both the ground and isomeric state.
To obtain the magnetic field and the hyperfine splittings one has to find the amplitude of the electron wave function at the nucleus, ψ e (0), Eq. (1). The details of the calculations of ψ e (0) are given in the next section. For precise determination of ψ e (0) the calculations should be self-consistent, relativistic and take into account the finite size of the nucleus.
III. CALCULATION OF ELECTRON WAVE FUNCTIONS
In the present work, the wave function ψ 1s 1/2 (x) of the electron in the (1s 1/2 ) 1 configuration has been found numerically by solving the Dirac equation in the Coulomb potential of the nucleus with the radius R 0 = 1.2 A 1/3 fm (where A is the atomic number). The nucleus has been considered spherical with the homogeneous positive charge distribution. In this case the electron potential energy in the units of the electron mass is given by
Here x = r/R 0 , where r is the modulus of the electron radius vector r, Z is the nuclear charge (Z = 90 for Th). The large (g) and small (f ) radial components of the electron wave function ψ e (x) are found from the system
where b = mR 0 . The electron wave function is normalized by the condition
In the following we work with the variable x = r/R 0 instead of x = r/a B , where a B is the Bohr radius, commonly used in atomic physics because for calculations of the Bohr-Weisskopf effect we need a nuclear scale. However, when necessary we will return to atomic units and give the values of the electron wave functions in units of a [51, 52] The calculation of the Bohr-Weisskopf effect for the 2s 1/2 electron state in the (1s 1/2 ) 2 (2s 1/2 ) 1 three electron configuration has been performed by three different methods, Fig. 1 .
At first, we have found the upper and lower boundaries for the 2s 1/2 electron wave function. For this purpose we have used the wave function of the 2s 1/2 state obtained in the field of the hydrogen-like ion. As the hydrogen-like ion we take (i) the 229 Th 89+ ion with Z = 90 and (ii) the 229 Ra 87+ ion. In the last case we have assumed that two electrons in the 1s 1/2 state perfectly screen the nuclear charge +2, and Z = 90 − 2 = 88.
In the second model we have used a more sophisticated approach by adding to the nuclear potential (4) the Coulomb contribution from the electron density of two electrons in the 1s 1/2 state. The shortcoming of this calculation is that it does not take into account the interaction between electrons in the 1s 1/2 state and between electrons in the 1s 1/2 and 2s 1/2 states.
Finally, we have carried out ab initio numerical calculations inside and outside the nuclear region within the density functional method (DFT) taking the full account of the electron self-consistent field by employing the atomic part of the code [51, 52] . The precise atomic DFT calculations have been performed with two main variants for the exchange correlation potential and energy. The first functional belongs to the local density approximation (LDA) [53, 54] , while the second to the generalized gradient approximation (GGA) of Perdew, Burke, and Ernzerhof (PBE) [55, 56] . Both variants represent standard choices within the DFT method.
As follows from Fig. 1 To evaluate the magnetic field one can use Eq. (1) with 
B , where g 1s 1/2 (0) = 5.18 × 10 3 , and g 2s 1/2 (0) = 2.18 × 10 3 .
IV. THE BOHR-WEISSKOPF EFFECT
The influence of the finite nuclear size on the hyperfine splitting was first considered by Bohr and Weisskopf [57] . Later the effect of the distribution of nuclear magnetization on hyperfine structure in muonic atoms was studied by Le Bellac [58] . According to their works, the energy of sublevels of a deformed nucleus is given by Eq. (2), where
is the energy of the interaction of the electron current j(r) = −eψ + e (r)αψ e (r) (α = γ 0 γ, γ are the Dirac matrices) with the vector potential of the electromagnetic field A(r) generated by the magnetic moment of the nucleus.
For a system of "rotating deformed core (with the collective rotating angular momentum ℜ) + unpaired neutron (with the spin S n )", the vector-potential is determined by the relation [57, 58] 
where ρ n (R) is the distribution of the spin part of the nuclear moment and ρ m core (R) is the distribution of the core magnetization, g S is the spin g-factor, and g R is the core gyromagnetic ratio. The distributions ρ n (R) and ρ m core (R) are normalized by the conditions d 3 Rρ n (R) = 1, d
3 Rρ m core (R) = 1. As follows from Eqs. (6-7), E int consists of two parts,
int is the energy of the electron interacting with an external unpaired neutron and E (core) int is the energy of the electron interacting with the rotating charged nuclear core. These energies are calculated in accordance with formulas from [58] . In our case the electron interacts with the nucleus in the head levels of rotational bands (for such states we have K = I, where K is the component of I along the symmetry axis of the nucleus), and two contributions are given by
Here, ϕ K (R) is the wave function of the external neutron (see below), g K is the intrinsic g factor, y = R/R 0 , R is the radius vector of the unpaired neutron, and ρ m core (y) is the normalized nuclear magnetic moment. In the present approach we consider the homogeneous positive charge distribution inside the nuclear sphere, which results in
We conclude this section by noting that the first term in the square brackets of Eqs. (8) and (9), ∞ 0 f (x)g(x)dx, corresponds to the interaction of the electron with a point nuclear magnetic dipole. The model of the electron interacting with the point nuclear magnetic dipole gives much more precise value of the hyperfine interaction than the Fermi contact interaction, Eqs. (1) and (3).
V. NUCLEAR WAVE FUNCTIONS
For calculations of the nuclear part in Eqs. (8)- (9) we use the standard nuclear wave function [59] 
where D I MK (Ω) is the Wigner D-function [60] , Ω stands for the three Euler angles, ϕ K (R) is the wave function of the external neutron coupled to the core, and M is the component of I along the direction of magnetic field.
The wave functions ϕ K of the unpaired neutron is taken from the Nilsson model. [4] . For each of these states, the wave function has the form
where the quantum number n r = (N − n z − Λ)/2, ζ = R 0 M p ω z y cos θ and η = R 0 M p ω ⊥ y sin θ are new variables. Here we have introduced new frequencies ω z = ω 0 1 + 2δ/3 and ω ⊥ = ω 0 1 − 4δ/3, where ω 0 = 41/A 1/3 MeV is the harmonic oscillator frequency, δ = 0.95β, and β is the parameter of the nuclear deformation defined by R = R 0 (1 + βY 20 (θ) + . . .).
For the wave function components we then obtain:
where
nr is the generalized Laguerre polynomial, H nz is the Hermite polynomial [61] , N η,ζ are the normalization factors. In our numerical calculations we took into account the asymmetry of the nucleon wave functions in Eq. (8), but neglected the small difference between ω z and ω ⊥ .
VI. MAGNETIC HYPERFINE STRUCTURE AND MIXING OF SUBLEVELS
The energies of the sublevels calculated according to Eqs. (2), (8)- (9) are given in Tables I -II, third columns. We observe that for the 229 Th 89+,87+ ions there is a reduction of the MHF splitting in comparison with the model of point nucleus. The reduction is 3% for the 5/2 + (0.0) ground state and approximately 6% for the 3/2 + (7.8 eV) isomeric state. The difference can be explained by the following: The magnetic field produced by the spin of the nucleon is sensitive to the non-sphericity of the wave functions ϕ K . This leads to the appearance of the additional averaging over the angle θ in Eq. (8) [57, 58] . Averaging over the angles reduces the spin contribution with respect to the orbital part. A small imbalance emerged in the system leads to some violation of the "fine tuning" between the spin and orbital parts of the magnetic moment. The relative imbalance is larger for the isomeric state because its magnetic moment smaller than the magnetic moment of the ground state. Since two sublevels in the ions 229 Th 89+, 87+ has the same quantum number F , one has to take into account the mixing of these states [19, 22] :
where b is the mixing coefficient given by [62] 
It can be considered as a function of the energy E M1 related with the interaction of the electron and nuclear currents in the M 1 electron transition in the ionic shell and the M 1 nuclear transition between the ground and isomeric states. According to [18] the energy for the E(M )L transition can be found as
where C j f 1/2 ji1/2L0 stands for the Clebsh-Gordon coefficients, f |m
|i is the electron matrix element and B(E(M )L, I i → I f ) is the reduced probability of the nuclear transition [63] .
In our case as a result of the M 1 transition
+ in the 229 Th 89+ ion or the M 1 transition |2s 1/2 , 3/2 + → |2s 1/2 , 5/2 + in the 229 Th 87+ ion, Eq. (12) can be rewritten as
Here
is the reduced probability of the nuclear isomeric transition in Weisskopf's units [64] and we have used that [34] . The electron matrix element of the M 1 transition [18] reads as
where κ = (l − j)(2j + 1), l and j are the quantum numbers of the electron orbital and total angular momenta, h
1 is the Hankel function of the first type. We obtain 1s 1/2 |m 
The positions of the sublevels are shown in Fig. 2 and their energies are quoted in Tables I -II. The  229 Th   89+ energies are in satisfactory correspondence with the data of [22] . The MHF splitting for 229 Th 87+ shown in Fig. 2 are calculated for the first time.
VII. TRANSITIONS BETWEEN SUBLEVELS
In this section we calculate the probability of spontaneous transitions between the sublevels. According to [65] the radiative decay width of the M 1 transition can be written as
Here µ Bσ is the operator of the electron magnetic moment, µ gr(is) µ NÎ /I is the operator of the nuclear transition between the hyperfine components of the same level with spin I, andμ tr µ N is the operator of the transition between the ground and isomeric states. In the case j i = j f = 1/2, I i = I f = I gr(is) , for the transition between the hyperfine components |F i = I gr(is) ± 1/2 → |F f = I gr(is) ∓ 1/2 from Eq. (15) we obtain
This expression coincides with Γ rad for the |F i = I + 1/2 → |F f = I − 1/2 transition quoted in [66] . Clearly, the relative contribution from the operator µ gr(is) µ NÎ /I given in the second term in the parentheses of Eq. (16), is small and will be omitted below. The probability associated with the operatorμ tr µ N is negligibly small for both ions. This is a consequence of the states mixing. The effect was already mentioned in [22] for the 229 Th 89+ ion. Although the coefficient b is several times smaller for the 229 Th 87+ ion (b 87+ = 0.0083 versus b 89+ = 0.048) it is nevertheless enough for enabling the noticeable transitions between the hyperfine sublevels through the electron spin-flip transition.
The calculated radiative decay widths Γ rad and the associated transition times τ are given in Table III 
, F (due to the mixing of the F = 2 states) and its radiative width is calculated according to the equation
which can be derived from (15) . The results for 229 Th 89+ are in fair correspondence with the data of [22] . (Notice that in Ref. [22] , as in other works up to 2007, it was assumed that E is = 3.5 eV.)
To demonstrate the increased probability of the transitions 3, 4 and 5, we compare their widths with the (15) . We express its matrix element in terms of the reduced probability of the nuclear transition:
We then arrive at B(M 1; 3/2
The factor 3/4π is accounted for by the differences in the definition of the transition operators in the atomic [65] and nuclear [59] physics.) As a result we have Γ rad (3/2 + → 5/2 + ) = 3 × 10 −19 eV, which corresponds to τ = 26 min.
VIII. CONCLUSION
In conclusion, the calculation of the magnetic hypefine structure of the ground state doublet (the ground 5/2 + (0.0) and the low energy 3/2 + (7.8 eV) isomeric states) in the highly ionized ions 229 Th 89+ and 229 Th 87+ have been performed.
We have demonstrated that in comparison with the point nucleus model the Bohr-Weisskopf effect (finite distribution of nuclear magnetization) decreases the hyperfine splitting by 3% for the ground state and by 6% for the isomeric state. The energies of the sublevels have been calculated by taking into account the mixing of states with the same quantum number F = 2. As a result of mixing the energy difference between two F states increases by 0.04 eV in 229 Th 89+ and 0.001 eV in 229 Th 87+ . The mixing of states (with the coefficients b 89+ = 0.048 and b 87+ = 0.0083) has been taken into account in the estimation of the probability of spontaneous transitions. We have found that even in the 229 Th 87+ ion the mixing leads to a large increase of the probability of radiative transitions. The transitions therefore are caused mainly by a small admixter of other quantum states.
It is worth noting that the Bohr-Weisskopf effect completely compensates the energy shift of the |5/2 + , F = 2 level in the 229 Th 89+, 87+ ions, caused by the mixing. It also has profound influence on the energy positions of the states with F = 3 and F = 1. Therefore, the data on the hyperfine splittings can be used for precise determination of the magnetic moments of the nuclear 5/2 + (0.0) and 3/2 + (7.8 eV) states. Our findings can be useful for experiments with highly ionized 229 Th ions in the storage ring of accelerator complex.
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